We study the graphite intercalated compound CaC 6 by means of Eliashberg theory. We perform an analysis of the electron-phonon coupling and define a minimal six-band anisotropic structure, which leads to a Fermi-surface dependence of the superconducting gap. A comparison of the superconducting gap structure obtained using the Eliashberg and the superconducting density functional theory is performed. We further report the anisotropic properties of the electronic spectral function, the polaronic quasiparticle branches, and their interplay with Bogoljubov excitations.
I. INTRODUCTION
The electron-phonon interaction leads to many significant physical phenomena in solids (notably, superconductivity), and has therefore been studied extensively both in model systems and in real materials. One important aspect of this kind of interaction is the formation of a coupled electron-phonon system with new interesting features such as the appearance of polaronic subbands branching from the main electronic bands. These low-energy features of the electronic structure can be observed thanks to the recent developments in the resolution of angle-resolved photoemission spectroscopy (ARPES).
The theoretical background to deal with metallic polarons has been laid down by Engelsberg and Schrieffer (ES). 1 For this, they used a field-theoretical approach combined with Einstein-Debye model to mimic the phonon spectrum. The ES theory shows the damping of electrons by phonons and the development of branches in the electronic dispersion corresponding to energy and strength of the phonon modes. In superconductors, the electron-phonon interaction leads to the formation of a superconducting gap below the critical temperature T c . These phenomena can be well described within the Eliashberg theory, which extends the ES theory to the superconducting state 2, 3 and reduces to the ES theory in the nonsuperconducting normal state.
Due to several computational complexities, a proper account of the material specific electronic and phononic structures could not be achieved until very recently: Eiguren et al. 4 and Eiguren and Ambrosch-Draxl 5 studied the effect of the electron-phonon interaction on the electronic self-energy in the normal state. The main properties of the spectral function in the superconducting state have been reported by Scalapino 3, 6 and, more recently, have also been studied using the ARPES experimental data. [7] [8] [9] However, to the best of our knowledge, no first-principles attempt has been made to study the effect of polarons in the superconducting state.
In this work, we use the Eliashberg 2,3,10,11 method to study the behavior of ES polarons; a detailed analysis of the electronic self-energy, including electron-phonon contributions is performed. In particular, the features originating from the anisotropy of the electron-phonon coupling are investigated.
Most importantly, it is shown how the polaronic branches change in the superconducting state.
The system that is considered for this analysis is the graphite intercalated compound CaC 6 . This material has the highest superconducting T c observed so far (11.5 K) among the group of graphitic compounds. Graphite-related materials have attracted considerable interest in the last few years, mostly due to the appealing possibility of tuning their physical properties. 12 In particular, it is possible to vary the conductivity of graphite from semimetallic 13 to metallic and to superconducting [14] [15] [16] [17] [18] [19] [20] [21] [22] by adjusting the level of intercalation. In Ca intercalated graphite, superconductivity arises from the strong electron-phonon coupling provided both by C and Ca phonon modes. 18, 23 This coupling is strongly anisotropic with C-and Ca-related phonons acting selectively on the multiple Fermi-surface (FS) sheets of the system. 24 These peculiarities make the system particularly interesting.
The paper is organized as follows: In Sec. II, the main concepts and physical quantities describing our results are introduced by reviewing the Eliashberg theory of superconductivity. Section III is devoted to a detailed description of the principal computational techniques employed in this work. In Sec. IV, results for CaC 6 are discussed. Section IV A reports on the structure of the electron-phonon interaction. Section IV B focuses on the numerical solutions of the Eliashberg equations with a μ * determined using results from density functional theory for superconductors (SCDFT) calculations. In Sec. IV C, the polaronic features of the excitation spectrum of CaC 6 are elucidated, both in the normal state (Sec. IV C 1) and in the superconducting state (Sec. IV C 2). Finally, conclusions are drawn in Sec. V.
II. METHODS
The central quantity in the Nambu-Gor'kov formalism of superconductivity is the 2 × 2 Green's function
where G(k,iω n ) and F (k,iω n ) are, respectively, the normal and anomalous electronic Green's functions in reciprocal space. ω n are the fermionic Matsubara frequencies given by ω n = π (2n + 1)k B T with T being the temperature and k B the Boltzmann constant. Following a well-established procedure, 10 the noninteracting Kohn-Sham system with Green's functionḠ 0 
−1 is used as a starting point. Here, σ j (j = 0 . . . 3) are the Pauli matrices and ξ k are the Kohn-Sham eigenvalues relative to the Fermi energy. The interacting Green's function can then be obtained using perturbation theory:
The following approximation for the electronic self-energy is used:¯
where D is the phonon propagator
,ν are the electron-phonon matrix elements 25 between states with wave vectors k and k due to a phonon mode of index ν and wave vector q = k − k , and ω q,ν is the frequency of the mode obtained via linear response 25 of the Kohn-Sham system. This way of calculating ω q,ν is known to lead to a very good agreement with the measured phononic branches, at least for standard metals and insulators. 25 W in Eq. (3) is the screened static electron-electron interaction: it accounts for those parts of the interaction which do not involve any phononic contribution. The σ 1 factor in front of W accounts for the fact that exchange and correlation effects are already included inḠ 0 (k,iω n ). 26 Then, only off-diagonal contributions of W are retained in¯ .
The treatment of the Coulomb term needs particular care. Within Eliashberg theory, an arbitrary cutoff in k space is needed in order to avoid serious convergency problems in the Matsubara summation. 3, 27 A conventional way to deal with this problem is to choose an energy cutoff of the order of the Fermi energy, and to assume that the product of W with the density of states (DOS) is constant: μ = W N, N being the DOS per spin at the Fermi energy. It is then possible to restrict the Matsubara integration to low energies (a fraction of eV) by a renormalization procedure μ → μ * introduced by Morel and Anderson.
3,27,28 μ * can be calculated within the random phase approximation 24, 29, 30 (RPA) and the resulting T c are usually in reasonable agreement with experiments. 10, 31 However, usually μ * is adjusted to obtain the experimental T c . The self-energy in Eq. (3) is k dependent and leads to anisotropic Eliashberg equations, which are computationally very demanding. A simplification can be introduced, retaining a minimal anisotropic structure needed for the properties of interest. The FS may be divided into portions (FS sheets), with each sheet identifying a corresponding intersecting energy band. These FS sheets and energy bands can be labeled using the same index (say, J ). We shall refer to such a division as to a multiband decomposition (details of our procedure are given in Sec. IV A).
The electron-phonon coupling can be averaged over prescribed multiband divisions [see Eqs. (10) and (11)]. Corresponding multiband resolved self-energy, J , expanded in the basis of Pauli matrices has a form
Here,
is the total superconducting gap accounting for phononic and Coulombic contributions on the J th FS sheet at frequency iω n . Z J (n) is the (phononic) mass renormalization function. This term enters in the diagonal part of the electronic self-energy and contributes both to the superconducting state and the normal state. Due to the assumption that all the diagonal contributions stemming from W are already accounted at the level of the normal state Kohn-Sham system, Z J (n) has a purely phononic character.
The off-diagonal Coulombic contributions are accounted by the FS-dependent μ * J J . In this work, we choose μ * J J in such a way to reproduce the gap structure obtained within SCDFT (Refs. 24 and 30) (we shall come back to this point in Sec. IV B). Since ph (n) goes to zero for frequencies much larger than the phononic scale, the cutoff in the Matsubara frequency introduced for Coulombic terms 3 can be uniformly applied to all the terms of the Eliashberg equations. (10) is the band-resolved Eliashberg function. This quantity results from the averaging of the electron-phonon interaction over FS sheets:
where N J is the density of states per spin at the J th FS portion. Once the gap function J (n) and the mass renormalization function Z J (n) have been obtained on the imaginary axis solving the Eliashberg equations [Eqs. (6)- (10)], they can be efficiently continued to the real axis via the Padé approximant 184514-2 technique, [32] [33] [34] allowing the computation of the real-axis retarded Green's function. In particular, we will deal with G :=Ḡ 11 , which is given by (12) with the corresponding spectral function defined as
The energy and lifetime of a quasiparticle are given by the real part and (the absolute value of the) imaginary part of the pole positions, respectively. The spectral function may have broader structures and, thus, the concept of quasiparticle may not apply rigorously. In order to extract the main features, we look for the zero z p of the denominator of G, i.e., we look for solutions of the equation
in the complex plane.
III. COMPUTATIONAL DETAILS
Electronic eigenvalues, phononinc frequencies, and electron-phonon matrix elements are calculated using the ESPRESSO pseudopotential based package. 35, 36 All calculations are done using the GGA (generalized-gradient approximation) with the Perdew-Wang 37 parametrization for the exchangecorrelation functional. Ultrasoft pseudopotentials 38 are employed. A 30-Ry cutoff is fixed for the plane-wave expansion of the wave functions and 300 Ry for the electronic charge. The Brillouin zone is sampled with a 6 × 6 × 6 k-point grid, and electron-phonon matrix elements are obtained on a 10 × 10 × 10 grid. More details can be found in Ref. 24 .
The double Brillouin zone integration appearing in the definition of the band-resolved Eliashberg functions in Eq. (11) is evaluated with a Metropolis integration scheme. Random k points are generated on the Brillouin zone, then each k point is accepted or rejected with a probability depending on ξ k , and its weight is set inversely proportional to the acceptance probability. We use a set of about 2 × 10 4 accepted k points per band. Then, electron-phonon matrix elements on this random mesh are obtained via interpolation from those calculated on the regular grid.
Eliashberg equations are solved using a 2500-meV cutoff of the Matsubara frequencies, with the cutoff for the Coulombic interaction equal to 500 meV. Both parameters are much larger than the maximum phonon frequency of CaC 6 , which is about 200 meV. The number of Matsubara frequencies at each temperature is fixed by the energy cutoffs, and the M Matsubara frequencies on the positive imaginary axis are used to construct (M,M) Padé approximants, which are used for the analytic continuations 39 to the real axis. 6 : the external portion in green; the internal sphere in blue; and the hexagon that cuts the sphere in red. The labels "a" and "b" correspond to the additional splitting defining the six-band division. 
IV. RESULTS AND DISCUSSION

A. Properties of the electron-phonon coupling
We calculate the Eliashberg function defined by Eq. (11) in three different ways:
(i) Averaging the electron-phonon coupling over the full surface (referred to as one-band FS or isotropic approximation).
(ii) Splitting the FS into three parts: this is shown with three different colors in the FS (see Table I ). The division of the Fermi surface leads to a division in the electronic bands shown in the band-structure plot of Fig. 5 ; an electronic band and a portion of the FS have the same color if they intersect. The first portion FS 1 is the external FS sheet (shown in green), which comes from π states. FS 2 (shown in blue) is the spherical Ca Fermi surface. FS 3 (shown in red) is the π prism, a two-dimensional FS having the shape of a hexagonal prism which crosses the spherical Ca Fermi surface (the corresponding electronic band is the band 3). This division is referred to as the three-band FS approximation.
(iii) Splitting the FS into six parts: each of the three portions in the three-band FS approximation is further split into two parts. The above π (external) FS has been divided into a less coupled 24 outer part with |k xy | > 0.4 a.u., and the rest; these two portions are referred to as 1a and 1b portions, respectively. The Ca spherical Fermi surface is cut into the 2a portion (with |k z | < 0.18 a.u.) and the 2b portion (the rest). The 3a and 3b portions for the π prism are defined in a similar manner. The same boundaries are used to further split the corresponding energy bands. This overall division is called the six-band FS approximation. In Table I is presented the DOS at the Fermi level, the intraband and the interband electron-phonon couplings
In the three-band FS approximation, the interaction is dominated by the off-diagonal coupling terms, especially by the interband scattering from states on the spherical Ca Fermi surface to states on the π bands. The main reason for this is a strong electron-phonon coupling in the former (from 2 to 1) and large DOS in the latter (from 2 to 3). The full three-band α 2 F J J (ω) matrix (see Fig. 1 ) shows the distribution of the coupling among the various phonon modes; band 2 couples strongly with Ca modes (giving a low-frequency peak around 10 meV), while band 1 couples mainly with the high-frequency stretching C modes (at 170 meV). Band 3 shows the most homogeneous coupling (its intraband spectral function looks similar in shape to the total Eliashberg function).
The further decomposition into the six-band FS approximation does not introduce qualitative differences with respect to the three-band decomposition but, as we shall show, it results in a better quantitative description of the anisotropy of the superconducting properties.
B. Solution of Eliashberg equations
The Eliashberg equations are solved in three different ways corresponding to three ways in which the Eliashberg function defined in Sec. IV. The solution to the Eliashberg equations leads to a strong anisotropy in the gap (see Fig. 2) ; the smallest gap corresponds to the external FS (FS 1), while the highest value of the gap is related to the 2a structure, which forms the central part of the Ca spherical Fermi surface. We note that at the phononic level, the anisotropic structure obtained here agrees very well with the one obtained within SCDFT in Ref. 24 (see panels (e) and (f) in Fig. 2) . If the T c is determined from this gap function, without including the Coulomb interaction, it is not strongly affected by the multiband character (i.e., the anisotropy of the gap function); the isotropic T c is about 33.5 K and only slightly higher in the six-band case with a value of 34 K.
In order to include the Coulomb interactions, the matrix μ * 0.21 [see inset (c) in Fig. 2 ]. With this choice of μ * J J the inclusion of Coulombic effects reduces the T c without significantly affecting the anisotropic structure of the superconducting gap. The only difference is that, by including the Coulombic interaction, the gap corresponding to the 2b portion of the FS becomes slightly larger than the 3a portion [see Fig. 2(d) ]. This choice of a semi-isotropic Coulombic pairing, which is often done in Eliashberg theory, can be validated by the present analysis. However, this can not be applied as a general rule; it has been shown, in cases such as in MgB 2 , 45, 46 that a more detailed Coulombic structure is necessary to get the correct gap anisotropy.
Both (n) and Z(n) are purely real valued on the Matsubara frequencies. For the isotropic case, the frequency dependence of (n) and Z(n) is shown in Fig. 3(a) . It is clear that Z(n) has a value of 1 + λ for small |n| and then monotonically decreases to 1 at energies much larger than the available phonons. This behavior is almost independent of the values of μ * and temperature. The (n) function also monotonically decreases as a function of increasing energy. The low-energy value is the fundamental superconducting gap, while in the high-energy limit approaches C (n). For an isotropic and static Coulomb interaction, C (n) is both independent of k and the Matsubara frequencies. More physical features emerge from the analytic continuation to the real axis. In particular, we see a three-peak structure in both the real and imaginary parts of Z(n) that correlates with the peaks in the α 2 F J J (ω).
C. Analysis of self-energy effects
Normal state: Isotropic approximation
We discuss in this section the simplest case in which the Eliashberg equations are solved above T c . Since T c is quite low with respect to the phonon energies, the solution above T c is almost equivalent to imposing the solution at = 0 when T = 0. In this section, we use only the isotropic solutions of the Eliashberg equations and a parabolic band dispersion.
The solution of the Eliashberg equations gives Z(ω), which is shown in Fig. 3(c) (black line) . Using Z(ω) as input, Eq. (14) is solved in order to obtain the quasiparticle dispersion curves reported in Fig. 4(a) . This figure shows how the unperturbed electronic band, by getting dressed with the phononic self-energy, develops branches in correspondence with the three main phononic peaks in the Eliashberg function. These electronic quasiparticles dressed by the electron-phonon interaction, so-called polarons, are nearly dispersionless. Only one dispersive branch, which goes to zero from about 50 meV, is observed. This structure also has a very short lifetime (∼100 meV). All the other polaronic modes have instead a longer lifetime (between 1 and 10 meV) and thus appear as sharp quasiparticles. However, the polaronic branches carry very little of the total spectral weight. Most of the spectral weight is still localized near the bare electron dispersion line. This can also be seen in Fig. 4(b) , where the spectral function is shown in the same energy/momentum window as the quasiparticle plot. In this case, we see how the main electron band acquires a finite lifetime and instead of branchings only kinks appear. These kinks correspond to the three main peaks in the α 2 F (ω). To move from a qualitative description to a more quantitative one, the spectral function A(ω) is examined [see Fig. 4(c) ]. At k = k F , more than 50% of spectral weight is accounted for by a single peak of infinite lifetime at the Fermi energy. This peak [single green line in Fig. 4(c) ] moves to higher energies with increasing k vector (slowly growing in width) up to an energy of about 10 meV, where it merges with the polaronic branch generated by the low-frequency Ca modes (blue long-dashed line). Above 10 meV, the peak is broader (blue thick line) because the electrons can relax through the generation of Ca phonons. This broad peak then behaves in a similar way as the narrow peak below 10 meV; i.e., it increases in energy with k up until it merges with another polaronic band which originates from the low-frequency C modes (red dotted-dashed line) and has an energy ∼50 meV. It becomes very broad (yellow short-dashed line) and is difficult to follow as it merges with the high-frequency C mode. This behavior is very similar to the case of the Einstein phonons discussed by Engelsberg and Schrieffer in Ref. 1 . In our case, this is due to the three-peak structure of the, α 2 F (ω), i.e. due to the combined effect of the two dimensionality of graphite along Table I with the presence of weakly bound Ca ions. Therefore, at the isotropic level, the self-energy effects in CaC 6 [type described by Eq. (3)] are particularly simple.
Normal and superconducting states: Anisotropic features
The degree of complexity of our analysis is increased by making use of the real KS band dispersions of CaC 6 . 18, 24 Multiple FSs that couple with different phonon branches are accounted for by adopting the six-band decomposition. As shown in Figs. 5(c)-5(f), the Ca band couples mostly with low-frequency modes, therefore it shows polaronic structures only up to 50 meV. One single kink can be observed in the spectral function at 50 meV. The kink at 10 meV is not visible simply because below this frequency the spectral function itself is just a sharp peak.
The band that has the most structures is the one that produces the π -prism FS 
V. CONCLUSIONS
Superconductivity in the graphite intercalated compound CaC 6 is studied using Eliashberg theory and superconducting density functional theory. Within a multiband description and assuming a structureless Coulomb interaction, we performed a detailed analysis of the influence of strongly anisotropic electron-phonon coupling on the k dependence of the superconducting gap. Anisotropies computed with Eliashberg theory and superconducting density functional theory were found to be in very good agreement with each other and with experiments. 41 In this context, from the solution of the Eliashberg equations, we have shown how anisotropic polaronic bands emerge over different Fermi-surface sheets. The interplay between superconducting (Bogoljubov) excitations and polarons has also been studied. We reported how Engelsberg-Schrieffer polarons evolve from the normal state to the superconducting state in CaC 6 . 
